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TOPOLOGY OF T- VARIETIES 


ANTONIO LAFACE, ALVARO LIENDO, AND JOAQUIN MORAGA 


Abstract. In this article, we generalize classical results about the topology 
of toric varieties to the case of T-varieties using the language of divisorial 
fans. We describe the Hodge-Deligne polynomials, Chow ring and cohomology 
ring of certain complexity-one T-varieties. As an application we compute the 
cohomology groups of a smooth rational complete complexity-one T-variety. 
Moreover, we prove that the fundamental group of a log-terminal T-variety is 
isomorphic to the direct sum of the fundamental group of its Chow quotient 
with a quotient of the fundamental group of the acting torus. 
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Introduction 


In this paper we study normal algebraic varieties endowed with an effective action 
of an algebraic torus T, the so-called T-varieties. Given a T-variety X we define its 
complexity as dim A — dimT. Such T-varieties admit an algebraic-combinatorial 
description starting with the well-known case of complexity zero T-varieties, i.e. 
toric varieties (see e.g. [8] and [17]). The complexity one case was systematically 
studied in [17], [22] and [11]. Finally, in [1,2] a combinatorial description is provided 
for arbitrary T-varieties. 

The topology of toric varieties has been well studied (see, e.g. [6,9,12-14]). In 
particular, the fundamental group, the cohomology groups, the cohomology ring 
and the Chow ring of toric varieties are known in different degrees of generality. In 
this paper we generalize those results to the case of T-varieties. In the toric setting, 
these objects depends on the combinatorial and geometric structure of its defining 
fan, while in higher complexity they depend on the topology of a normal variety 
Y of dimension dim A — dimT, which is a Chow quotient of A by the torus action 
and on a combinatorial structure on Y, called divisorial fan (see Section 1). 
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In the following, we describe the main results in this paper. In Section 2 we 
compute the Hodge-Deligne polynomial of a smooth projective complexity-one T- 
variety in terms of its divisorial fan. The folowing theorem allows us to compute 
the cohomology groups of rational smooth complete compelxity-one T-varieties. 

Theorem 1. Let X be a rational smooth complete complexity-one T-variety. Then 
H^{X,Q) are pure, of weight k, and of Hodge-Tate type. 

The Betti numbers of such T-varieties suggest that in general the cohomology 
ring is not generated in degree one. This motivates the study of the cohomology 
ring, and Chow ring of complexity-one T-varieties. We focus on the contraction-free 
case, which corresponds to the T-varieties whose Chow quotient is a good quotient, 
in this direction we prove the two structure theorems that we state below. 

Given a rational contraction-free complexity-one T-variety ^(5) we construct 
the polynomial ring Q[D | is a T-invariant divisor of ^(5)] and the ideal I gen¬ 
erated by all the linear relations between the T-invariant divisors, plus the mono¬ 
mials corresponding to subsets of T-invariants divisors with empty intersection. 

Theorem 2. Let S be a complete, simplicial and shellable divisorial fan on (P^, Nq). 
Then we have an isomorphism 

I Z? is a T invariant divisor]// ~ A*(X(iS))q D -\- 1 [D] 

of finite dimensional Z^Q-graded Q-algebras. In particular, if X{S) is projective 
and Q-factorial the above isomorphism holds. 

The technical notion of shellability is introduced in Definition 3.9. We also prove 
that the canonical map from the rational Chow groups to rational Borel-Moore 
homology groups is an isomorphism for these rational complexity-one T-varieties. 

Theorem 3. LetS he a complete, simplicial and shellable divisorial fan on (P^,ZVq). 
Then the canonical map from the Chow groups to Borel-Moore homology 

Ak{X(S))ii^H2k{X{S),q) 

is an isomorphism, and the Borel-Moore homology groups Hk{X{S),Q) vanish for 
k odd. In particular, if X{S) is projective and Q-factorial the above isomorphism 
holds. 

Finally, we study the fundamental group of the underlying complex analytic 
variety of a T-variety of arbitrary complexity. Given a divisorial fan S on (Y, Nq) 
we construct a finitely generated abelian group N{S), which is a quotient of N, 
and a open subset 100(5) C Y. The fundamental group of a T-variety X(5) with 
mild singularities is given by the following. 

Theorem 4. Let X{S) be a T-variety with log-terminal singularities. Then 

TTi{X{S)) ~ N{S) X 7ri(loc(5)). 

As an application of the above theorem, we prove the following. 

Corollary 1. Let (Al, A) be a Kawamata log terminal pair admitting a torus ac¬ 
tion with a unique fixed point. Then X is simply connected. In particular, the 
fundamental group of the spectrum of the Cox ring of a log Fano variety is trivial. 
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The paper is organized as follows: In Section 1 we introduce the combinatorial 
description of T-varieties. Section 2 deals with the Hodge-Deligne polynomials 
of complexity-one T-varieties, which allows us to compute the cohomology groups 
of smooth projective complexity-one T-varieties. In Section 3 we compute the 
Chow ring and cohomology ring, with rational coefficients, of smooth projective 
contraction-free complexity-one T-varieties. And finally in Section 4 we study the 
fundamental group of a complex T-variety with log-terminal singularities. 

I. T-varieties via divisorial fans 

In this section we recall the combinatorial description of T-varieties due to Alt- 
mann, Hausen and Siifi [1,2], see also [3] for a survey on known results about 
T-varieties. 

Let A^ be a finitely generated free abelian group of rank n and let M := 
Hom(A^, Z) be the dual of N. We denote by Nq ■— N and Mq := M (g)z Q 
the associated rational vector spaces. We denote by Tat := SpecC[M] or simply T 
when N is clear from the context. Let cr be a pointed polyhedral cone in Nq. For 
every convex polyhedron A C Nq we define its tail cone as 

(t(A) := {u € Nq I u -b a C A} 

and we say that A is a cr-polyhedron whenever cr(A) = a. We denote by Pol(cr) 
the set of all cr-polyhedra in Nq, observe that this set endowed with the Minkowski 
sum form a semigroup. 

Given a normal variety Y we denote by CaDiv(y) the monoid of effective Cartier 
Q-divisors. A polyhedral divisor on {Y, Nq) is a formal sum 

V := ^ Au (8> U € Pol(cr) (8> CaDiv(F) 

D 

where A jj are convex cr-polyhedra in Nq and at most finitely many coefficients A £> 
are different from a. We denote by cr{'D) the common tail cone of the polyhedra Ajj 
and we call it the tail cone of Observe that we can always write T) — Ad®D 
with D prime divisor and Ajj being cr(I?)-polyhera. We also will allow for the 
polyhedral coefficients to be the empty set 0 S Pol(cr) with addition rule 0 -I- A := 0 
for all A S Pol(cr). The locus of V is 

100(1?) := y - y D 

Ad—0 

and we say that T> has complete locus if loc(I?) = Y holds. The support of I? is 
supp(2?) loc(X>) n Uad^^o- ^ trivial locus of V is 

triv(X>) := loc(I?) — supp(X>). 

Given a polyhedral divisor V on (Y, Nq) with tail cone a we have an evaluation 
map into CaDiv(y) 

V'. ^ CaDiv(y), u i-A- I?(u) := min {u,v)D. 

^' v^Ad 

Observe that for any u £ , we have that V{u) has support contained in supp(I?). 

Definition 1.1. We say that a Q-divisor is semiample if it admits a base point 
free multiple and we say that it is big if some multiple admits a section with affine 
complement. Let 2? be a polyhedral divisor on (T, Nq) with tail cone a. Then V 
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is a p-divisor if T>{u) is a semiample divisor for every u G a'^ and 'D{u) is big for 
u G relint (ct^). 

Now, we describe the generalization of the usual gluing process for toric varieties 
to the case of T-varieties. Given a p-divisor T? on {Y, Nq) with tail cone a, we 
denote by X [V) the relative spectrum of the coherent sheaf of algebras 

A{V)-.= 0 Oy{V{u)) 

'ueo-'^nM 

on loc(I?). The scheme X(T)) turns out to be a normal variety with a T-action 
induced by the grading and there is a good quotient tt: X{'D) —> loc(X>) given by 
the inclusion of sheaves Oy —t A{'D). Moreover, taking global section we obtain a 
normal affine T-variety X{T>) := SpeciJ°(loc(X>),with a proper birational 
morphism X[T>) — >■ X{T>). The main result in [1] states that every normal affine 
T-variety arises in this way. 

Given two p-divisors V and V' on (Y,Nq) we write V C 1) it Ajj' C Ajj 
for each D G CaDiv(y). Observe that it V V then we have an induced map 
X{'D') X{V). We say that V is a face of V if such map is an open embedding. 

The intersection X’nP'of 2?'and is the polyhedral divisor n A^) (g)!?. 

Definition 1.2. A divisorial fan 5 is a finite set of p-divisors on (Y, Nq) such that 
the intersection of any two p-divisors of 5 is a face of both and S is closed under 
taking intersections. When Nq is clear from the context we say that 5 is a divisorial 
fan on Y. 

We denote by Al(5) the scheme obtained by gluing the affine T-varieties X{'D) 
and X[T>') along the open subvarieties XifD C\ V') for each T>, G S. As in the 
case of toric varieties, Ai(<S) turns out to be a variety and since the gluing is T- 
equivariant, .A (5) is a T-variety [3, Section 4.4] . The set {cr(V) | G 5} form the 
so-called tail fan T,{S) of S. The locus of S is the open set 

loc(5) := [J loc(X>), 

■Des 

the support of S is supp(<S) := supp(Il) and the trivial locus of S is the 

open set triv(<S) := triv(X>). The main result in [2] states that all normal 

T-varieties arise this way. 

2. Hodge-Deligne polynomials 

In this section we give explicit formulas for the class of a complexity-one T-variety 
in the Grothendieck ring A'o(Varc) of varieties over C. In order to do this we will 
introduce the concept of toric bouquet and recall the face-orbit correspondence 
described in [1, Theorem 10.1]. 

Given a cr-polyhedron A C Nq, we denote by V(A) its set of vertices and by 
A/'(A) its normal fan consisting of the regions where the function u i—> min„gA(M, v) 
is linear. The cones of A/'(A) are in one-to-one dimension-reversing correspondence 
with the faces F < A via the bijection 

F i-A- A(F) := {u G Mq I {F, u) = min(A, it)}. 

Given a cr-polyhedron A we define the affine toric bouquet X{A) := Spec(K[A/’(A)]), 
where K[A/] := 0„g„vnM Kx“ as a K-vector space and the multiplication is given 
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by 

u u' _f if u,u’ belong to a common cone of TV, 

^ ^ \ 0 otherwise. 

The ring C[A/] is not an integral domain, hence ^(A) is not a variety, but is a 
scheme, nevertheless since C[A/] is reduced, A (A) has a decomposition into a finite 
union of irreducible toric varieties 

A(A):= U A(Q>o ■ (A - 
«ev(A) 

These irreducible toric varieties are intersecting along T-invariant subvarieties, 
hence the big torus T is still acting on A (A). Observe that the orbits of A (A) 
are in one-to-one dimension-reversing correspondence with the faces F < IS.. We 
denote by A(fc) the set of faces of codimension k and given a face F G A(A:) we 
denote hy Of its corresponding torus orbit of dimension k. 

Given a polyhedral complex A on Nq with maximal polyhedra Ai,..., A^, with 
respect to the inclusion, we denote by A(A) the scheme obtained by gluing A(Ai) 
and X{Aj) along A(Ai n Aj) for each i and j. Observe that A (A) is a scheme 
with an action of the big torus T. 

Remark 2.1. For any maximal polyhedron A of A we have a well-defined preorder 
^ of its faces, such preoders induce a preorder on A that we will denote by ^ as 
well. The elements of A will be called faces since any such element is a face of a 
maximal polyhedra in A. 

We denote by A(fc) the set of codimension k faces of A. As before, we have 
a one-to-one dimension-reversing correspondence between the faces of A and the 
orbits Of of A(A). We will denote by V{F) the closure of the orbit Of in A(A). 

Let iS be a divisorifal fan on a curve Y and let tt: A(4S) —>• F be the induced 
good quotient. Given a point p G Y we define the slice Sp to be the polyhedral 
complex on Nq defining the fiber Tr~^(p). Observe that Sp is isomorphic to 2(5) 
for p G F general. As before, any orbit of A(4S) corresponds to a face F of some 
slice Sp. 

Given a p-divisor I) = ELi ® A ^ curve F, we define its degree to be the 
polyhedron 

r 

deg{T>) = ^ Ai c Nq. 

i=l 

Definition 2.2. Given a face F ot Sp, we say that F is contracted if there exists 
some p-divisor V £ S oi complete locus such that cr{F) C criV) and deg(X>)ncr(F) ^ 
0. In this case we say that (j[F) is a contracted cone. 

Remark 2.3. From [1, Theorem 10.1] we have that the orbits of A(<S) defined by 
F and F' are identified by the T-equivariant contraction r: X{S) -G A(4S) if and 
only if F and F' are contracted and their tailcones <j{F) and cr{F') are equal. 

We let Y,{Sy be the set of contracted cones, E(5)“ its complement and 5“ be 
the non-contracted polyhedra of Sp. 

Recall that the relations of the Grothendieck ring Ao(Varc) are given by 
[A] := [A - F] + [F] [AxcF]:=[A].[F], 
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where Z is a closed subvariety of X. We recall moreover that if /: X —>■ F is a 
locally trivial fibration with fibre F then [X] = [F] ■ [F]. We denote as usual by L 
the class of the affine line. 

Theorem 2.4. Let S be a divisorial fan on a curve Y with support {pi,... ,Pr}, 
and let U = Y — {pi,... ,pr}. Then the following holds 

n r 

[^(5)] = E ([^] • |S(«5)“(fc)l + |S(5)^(fc)| + E \Sprik)\) (L - 1)"-'= 

k—0 i=l 

Proof. Since X{S) is toroidal over F and the general fiber oi p: X{S) —> F is 
isomorphic to X(T,{S)), we compute 

n r 

[X(5)] = E ([t^] • |S(5)(A)| + E (*)l) (L - I)”-''. 

fc—0 i=l 

Then, the result follows from the description given on Remark 2.3 of the identifi- 
cation of the orbits via the morphism r: X{S) ^ X{S). □ 

Notation 2.5. Given a polyhedral complex A on Nq we denote 

:=E(-iy-'=(niA(n-l)|. 

l>k ^ ^ 

The cohomology groups of complete simplicial toric varieties are well-known 
(see e.g. [6] and [14]). The following proposition generalizes such computations for 
complete simplicial toric bouquets. 

Proposition 2.6. Let A be a polyhedral complex on Nq defining a complete sim¬ 
plicial toric bouguet X(A). Then the ood cohomology vanishes and we have 

dimQi/2fc(X(A),Q) = h'=(A). 

Proof. Denote by S(A) the tail fan of A. Consider the space Nq = Nq(BQ and the 
polyhedral complexes (E(A),0) C Nq and (A, 1) C Nq. Now, define E' to be the 
fan containing all the cones generated by {a{F),0) and {F, 1), for each face F in 
A. Observe that we have a toric morphism X(E') —>■ A^, whose general fiber over 
K* is X(E(A)) and whose hbre over the origin is X{A). Since X(E') is simplicial 
we conclude the statement from [7, Corollary Cj. □ 

Proof of Theorem 1. Let S be the divisorifal fan on defining X. Recall that 
we have a T-equivariant birational contraction r: X(5) ^ -^(‘5) and X(5) is a 
toroidal variety. Using Chow Lemma and toroidal resolution of singularities we 
get a birational T-equivariant map g: X{S') X(S) such that X(5') is smooth 
and S' is a projective contraction-free divisorial fan on P^. From Theorem 2 and 
Theorem 3 we conclude that H^{X{S')) is pure, of weight k, and Hodge-Tate type. 
Poincare duality and projection formula implies that g*: iL^(X(5)) ^ H^{X{S')) 
is injective for g* the canonical homomorphism, and then iL^(X(<S)) is pure, of 
weight k, and Hodge-Tate type. □ 

Corollary 2.7. LetS be a divisorial fan on , with support {pi,... ,pr}, defining a 
smooth complete complexity-one T-variety X(S). Then the odd cohomology vanishes 
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and we have 

r 

dimQ7j2fe(X(5),Q) = h'^i^iS)) - r/i'=(E(5)“) + (E(5)“) + 

i=l 

3. Cohomology Ring 

From now we will consider divisorial fans S on {P^,Nq), such that X(<S) is 
complete and Q-factorial, and describe the cohomology ring and the Chow Ring 
under certain conditions (see Definition 3.9). Recall that using [18, Example 2.5] 
we can see in S whether X{S) is a Q-factorial variety or not. The results of this 
sections are generalizations of well-known theorems, see [14, Chapter 5.]. 

Proposition 3.1. Let A be a polyhedral complex on Nn, then AulXlA)) is yen- 
Proof. Consider 

X,= \J U 

fe<iFeA(fe) 

This gives a filtration X = D Xn-i Q • • • D X_i = 0 by closed subschemes. 
The complement of Xi-i in Xi is a disjoint union of |A(i)| torus orbits of dimension 
i. We conclude by the exact sequence [15, Proposition 1.8] 

Ak{Xi_i) —>■ Ai^(Xi) Ak[Xi — Xi_i) 0 , 

and induction on f. □ 

Definition 3.2. Let 5 be a divisorial fan on a curve Y. In X{S) we have two kind 
of T-invariant cycles. Given a face F of some slice Sp we have the corresponding 
T-invariant cycle [F(F)] S A*(X(iS)) called a vertical cycle. Observe that V{F) is 
contained in 7r“^(p). Given a cone a G E(<S), we have a T-invariant open subset 
Y — {pi,... ,pr} X Oa C A"(5), we denote its closure by V(a) and we call [V'(cr)] € 
A*(X(<S)) a horizontal cycle. 

If p € E(iS) is a ray, then we denote by Dp the corresponding horizontal divisor. 
If u S V(iSp) we denote by D(^p^y^ the corresponding vertical divisor. 

Proposition 3.3. Given a divisorial fan S on the Chow group A}^{X(S)) is 
generated by the classes of the horizontal and vertical cycles of dimension k. 

Proof. Let {pi ,... ,pr} be the support of the divisorial fan S. Recall that each 
Tr~^(pi) is a toric bouquet and that we have an isomorphism 

7r-i(pi _ ~ X(E(<S)) X (Pi - {pi, .. . ,pr}). 

Here A(E(vS)) denotes the toric variety associated to the fan 2(5). Recall that 
by Proposition 3.1 the Chow group ^fc(Ui=i(P*)) is generated by vertical cy¬ 
cles of dimension fc, while using the above isomorphism, [13, Corollary 1.2], and 
exact sequence of Chow groups for closed subschemes, we see that the Chow group 
Ak{T^~^{P^ — {pi ,... ,pr})) is generated by vertical and horizontal cycles of dimen¬ 
sion k. Using again the exact sequence of Chow groups for the closed subscheme 
77“^ (pi), the result follows. □ 
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Definition 3.4. Given a polyhedral complex A on Nq, we say that A is shellable 
^ if we can order the maximal polyhedra Ai,..., of A such that for each i the 
following set odered by inclusion 

{F F Ai I F is not contained in Uj<i A^}, 

has a unique minimal element denoted by 

For example the fan of a projective and simplicial toric variety is always shellable 
by [14, Section 5.2, Lemma]. Observe that for each face F of a shellable polyhedral 
complex A there is a unique i such that Gi F ^ A^. We denote this index by 
i{F). Observe that i{F) is the smallest index such that Ai(j’) contains F. 

Definition 3.5. We say that a polyhedral complex A is simplicial if for each vertex 
V G A and maximal polyhedron v G A G A the cone Q • (u — A) is simplicial. 

Let A be a shellable polyhedral complex and Ai,..., Afc, the order induced in 
its maximal polyhedra. For 1 < i < fc we define the subvarieties of Ar(A) 

F, := U OF=V(G,)nUA^, F, :=F,ur,+iU---UFfc, 

where V(Gi) is the closure of the orbit Oci and UAi is the open subset LiF^AiOp- 

Remark 3.6. The given definition coincides with the standard definition of shella- 
bility of fans given in [14] for complete toric varieties. Moreover, the toric bouquet 
A (A) with toric irreducible components Xi,..., is shellable then it induces 
shellability in all the fans defining the irreducible compoents Xi. 

Lemma 3.7. Each Zi is closed, Zi = A(A) and Zi — Zipi = F]. Moreover, if A 
is simplicial then each Fj is the quotient of an affine space by a finite group. 

Proof. Recall that for each face F of the A there is a unique i such that Gi < F P 
Ai, then 7r“^(y) is the disjoint union of the sets F^. The closure of Op is the union 
of all the orbits Op' with F' A F. For any such F' we have *(F') > z(F) and thus 
we conclude that each Zi is closed. The last assertion follows from the fact that 
each UAi i® contained as an open subset in one of the irreducible component Xi of 
A(A) and Xi is a Q-factorial toric variety. □ 

Proposition 3.8. Let A be a shellable and simplicial polyhedral complex with com¬ 
plete support. Then the classes {[V{Gi)] \ Gi G A(fc)} form a basis for Ak{X{A))Q 
for each k. Moreover, we have an isomorphism 

Afe(A(A))Q~iJ2fc(A(A),Q) 

and F[k{X{A)) = 0 for k odd. 

Proof. In the proof all homologies and Chow groups are over Q. Recall that X (A) = 
Zi. We prove, by descending induction on i, that the canonical map A^:{Zi) 
Hi:{Zi) is an isomorphism, that the classes [F(Gi)], for any j > i, form a basis of 
and that Hk{Zi) = 0 for k odd. Following Fulton [14, Pag. 103] we have 


^This is a generalization of the shellability condition on fans given in [14, Section 5.2] which is 
related to the shellability problem for cones [4]. 
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a commutative diagram of Chow groups and Borel-Moore homology with rational 
coefficients 


... ^ H2p+i{Y,) ^ H2p{Z,+i) H2p{Z,) ^ H2p(Y,) H2p-i{Z,+i) . 

Since Yi is the quotient of an affine space by a finite group we conclude that Ak (Yi) ~ 
H 2 k{Yi) cs Q is generated by the class of V{Gi) for k = dime Yi and otherwise both 
spaces are trivial. By induction hypothesis Hk{Zi+i) = 0 ior k odd. The statement 
follows. □ 

Consider a divisorial fan S on with support {pi ,... ,pr}, such that X{S) is 
complete and Q-factorial. We denote by Si the polyhedral complex corresponding 
to the toric bouquet 7r“^(pi), for i £ {1, ... ,r} and by Sq the polyhedral complex 
corresponding to the toric variety 7r“^ (po)) where po is a general point. Assume that 
Si is shellable with ordered maximal polyhedra ..., A^. and minimal elements 
G\,..., G\. for any i. We denote by 

the Q-vector space basis of Ak{V{Si)). For each face F of 5o we denote by Si{F) 
the set of faces of Si which have the same tailcone and the same dimension than F. 
Observe that since A(5) is Q-factorial, any F' £ Si{F) has only one vertex, which 
we denote by v{F'). We define the 0-graded linear map of Q-vector spaces 

(3.1) A,(A(5o))^A,(A(5,)), [V{G°)]^ ^ p{v{G))[V{G)], 

GeSi(GO) 

where iJ,{v) is the smallest integer such that p{v)v £ N. Observe that (j)i is well 
defined, since Bq is a Q-vector space basis of A*(A(5o)) by Proposition 3.8. More¬ 
over (/)i is a specialization morphism in the sense of [15, Chapter 20]. Given a cycle 
[V] £ A*(A(5o)) the above homomorphism maps [V] to the class of the intersec¬ 
tion of the closure of P x — {pi,... ,pr} with the special fibers, the multiplicities 
comes from the description of the toric neighborhood of such special fibers given 
in [18, Example 2.5]. 

Definition 3.9. We say that S is complete if X{S) is a complete variety. We say 
that S is simplicial if A(<S) is a Q-factorial variety. We say that S is shellable if 
Sq, ... ,Sr are shellable and (pi is injective for each i £ {l,...,r}. 

Proposition 3.10. Let S be a divisorial fan such that A(<S) is projective and 
Q-factorial, then S is shellable. 

Proof. Let pi,... ,pr be the support of S and po a general point in P^. The projec¬ 
tiveness of A (5) implies that 7r“^(po) is defined by a compact polytope Q C Mq. 
Moreover, from [3, Proposition 35] we have that every fibre 7r“^(pi) is defined by 
a polyhedral subdivision of Q, which we call Qi. Let Q' be a simplicial common 
refinement of all the polyhedral subdivisions Qi for i £ {l,...,r}. The scheme 
A((5') is a projective Q-factorial toric bouquet. Now, take an element v € N such 
that {v,u) ^ {v,u'), for any two different vertices u and u' of Q' . Let Si C Nq be 
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the polyhedral complex which defines the *-th slice. Observe that the set of maxi¬ 
mal polyhedra of Si is in bijection with the set of vertices of Qi. Given a maximal 
polyhedron A of Si we will denote by m(A) the corresponding vertex of Qi. Now, 
order the maximal polyhedra of 5^ as A^^,..., A^. such that 

(u,u(Al)) < ••• < {v,u{AlJ). 

For each face F of Si we will denote by i{F) the minimum positive integer i such 
that F :< From [14, Lemma, page 101] we induced a shellability on each 

polyhedral complex Si. Thus, given two faces and of the fan 5o of the 
general fiber, with n < m, hy construction 

min{*(F^) I F £ 5.(G°)} < min{*(F^) | F £ 5.(G^)}, 

which means that the representative matrix of (j)i, with respect to the basis Bq of 
>1*(A(4 So)) and Bi of A*(A(iSi)) contains a triangular submatrix of full rank, then 
(j)i are injective for each i. □ 

Notation 3.11. Given a complete, simplicial and shellable divisorial fan S on P^, 
we denote by Q[Ilp, F)(p,,)] the polynomial ring over Q generated by elements Dp 
and Df^p^y) for p £ I](5)(l) and v £ V{Sp), with p £ P^. For each face F" of a slice 
Sp with p £ P^ we define the monomial 

P{F) = Yl Dp n D(p,v). 

pecr(F) veviF) 

Similarly, for each cone a of the fan S(5), we define the monomial p{cf) = Yipea Dp- 
We denote by I the ideal generated by 

(3.2) div(/x“):= ^ (p, u)Dp + E E p,{v){{v, u) + ordp /) ■ D(^p yp 

peE(5)(i) pGPiDev(5p) 

for each rational function / £ C(P^) and character lattice £ M and by all the 
monomials which are not of the form p{F) nor p{a). 

Proof of Theorem 3. In the proof we omit the rational coefficients in order to ab¬ 
breviate notation. Let X = X{S) = U U Z, where Z = 7r“^(pi) U ■ • • U 7r“^(pp) 
and U = X — Z. We will also use the notation Zi for the fiber 7r“^(pi). We have 
a commutative diagram of Chow groups and Borel-Moore homology with rational 
coefficients 

AkiZ) -^ Ak{X) -^ AkiU) -^ 0 


H2k+i{U) H2k{Z) H2k{X) H2k{U) H2k-i{Z). 

The first vertical arrow is an isomorphism by Proposition 3.8. Using that A}^{¥^ — 
{pi ,... ,pr}) —>■ iF 2 fc(]P^ — {pi, ■ ■ ■ ,Pr}) is an isomorphism for each k, Kiinneth for¬ 
mula for Borel-Moore homology [5, Section 2.6.19] and Proposition 3.8, we see that 
the third vertical arrow is an isomorphism. Moreover F[ 2 k-i{Z) = 0 by Proposi¬ 
tion 3.8. We define an injective homomorphism 

r 
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defined by 

{mi,.. .,mr-i) (giQ y i-A {mi4>i{V),... ,mr-i(l)r-i{V), -m(j)r{V)), 

where the homomorphisms (pi are defined in (3.1) and m = mi + ■ • • + mr- By 
the shellability hypothesis (pi is injective for any i and thus a is injective as well. 
The image of a is in the kernel of A*(Z’) —)• A*(X). Indeed, using (3.2), we can 
see that {mi,... ,mr-i) [V] is mapped by the composition z* o a to the cycle 
[div(/x°)] n [a(y)], where / has order mi at Pi, for z G {1,... ,r — 1} and order 
— X]i=i Pr- Then we have the following commutative diagram 

Afe(X(5o)) 

pi 

a 

0 -^ K -^ Ak{Z) -^ Ak{X) -^ Ak{U) —^ 0 


Q'-i ®Q H2k{X{So)) H2k{Z) H2k{X) H2k{U) 0, 

where K is the kernel of Ak{Z) —>■ Ak{X), and z is the injection induced by the 
above homomorphism. Then, using the four lemma we conclude that the sec¬ 
ond vertical arrow is surjective. Proposition 3.8 implies that dim(A/c(X(iSo))Q) = 
dim(i?2fc(^('5o), Q)) for every k, therefore the second vertical arrow is an isomor¬ 
phism. □ 

Now we prove three lemmas about the structure of the ring <Q[Dp, „)]//, in 
order to prove Theorem 2. Recall that given a complete, simplicial and shellable 
divisorial fan S on with support {pi,... ,pr} we denote by A^,..., A^. the or¬ 
dered maximal polyhedra of Si and we denote hy G\,..., G\. the minimal elements 
for any z. Moreover, we will denote by Ai,..., Afc, the ordered maximal cones of 
E(5) and we denote by Gi,...,Gk the minimal elements. We assume that the 
shellability induced in Sq and S(5) are the same. 

Lemma 3.12. Let S be a complete and simplicial divisorial fan on and let Si be 
a non-trivial slice of S over pi. Let % ^ G H < F be faces of Si, with G proper 
face of H. Then there exists an element of I of the form 

P{H)-Y^mjp{Hj), 

3 

where each Hj is a face of Si, containing G, not contained in F, and each mj is a 
rational number. 

Proof. Let V(F) = {m ... ,Vk}, and cr{F) = {pi, .. . ,pk'}. We prove the case where 
vi G V{H) is not in V(G') (the case where exists p G (t{H) not in fT(G') is analogous). 
Recall that the set 


S := {(pi,0),...,(pfc',0),(z;i,l),...,(v/c,l)}, 

is linearly independent in Aq©Q. Consider an element u' G M©Z = Hom(A©Z, Z) 
which vanishes at all the elements of S — {(ui, 1)} and zt'(z;i, 1) = a G Z>i. Let 
u be the restriction of u' to M and consider a rational function / G C(P^) with 
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ordp^(/) = au'{vi, 1) and ordpj,(/) = 0 ioi k ^ i. Recall that div(/x") is in / by 
definition. Moreover, by (3.2) we have 

div(/x“) ^ {p,u)Dp + E /r(w)((w, u) + ordp,; /) • 

P£(t{F)^ vGV{F)^ 

+ ^{pi,vi) H" E E fi{v){{v,u) +ordp/) •£>(p,„), 

pGPi-{pi}«GV(Sp) 

where all but the summand D(p. correspond to vertices or rays which are not in 
V{F)Lia{F). Multiplying div(/x") by p(77)/D(p. subtracting all the monomials 
which are not of the form p{F), with F a face of Si, and observing that p{G) divides 
p{F[)/ we conclude the result. □ 

Lemma 3.13. Let S be a complete, simplicial and shellable divisorial fan on P^. 
Let Si be the slice over pi for i £ {0,... ,r}. The ideal Li := {Di^p^y^ + I \ v € V(5i)) 
o/Q[Ilp, I?(p^„)]/J is generated, as a Q-vector space, by the set 

{p{G))+L \l<j<h}. 

Proof. First we prove that Li is generated by square-free monomials. To this aim it 
is enough to show that for any face F of Si and v G V[F) the element I?(p.^„)p(F) 
and Dpp[F) are equivalent to sum of square-free monomials modulo I. Following 
the proof of Lemma 3.12 we can find an element div(/x“) £ J which contains 
D(pi^v) ss a summand and the other summands are not divisible by the divisors 
corresponding to vertices and rays of V(F") and a{F) respectively. Multiplying this 
element by p{F) + L we conclude that D(^p.p,^p{F) is equal to a linear combination 
of square-free monomials. A similar argument applies to Dpp(F). 

By descending induction on k, we prove that ii G]. F H ^ Fk then p{F[) + L 
is in the submodule generated by p{Gj) + I with j > k. li H = G], we are done, 
otherwise we can apply Lemma 3.12 to 0 ^ F JL < Fk and conclude by the 
induction hypothesis. □ 

In the following proof, given a face F £ Sp^, with i £ {1,..., r}, we will denote 
by Dp the p-divisor with support {pi,... ,pr} and slices T^Fp^ = F and L)Fpj = 0, 
if j ^ i. Recall that we have a open T-equivariant embedding X{Vp) ^ A(<S). 

Lemma 3.14. Let S be a complete, simplicial and shellable divisorial fan on P^. 
Then every T-invariant prime subvariety of X{S) is the complete intersection of 
T-invariant divisors. 

Proof. Since 5 is a divisorial fan on P^, we have from [18, Example 2.5] that X{S) 
is toroidal. Then, any vertical T-invariant prime subvariety is complete intersection 
of T-invariant divisors. On the other hand, since X{S) admits an invariant open set 
isomorphic to A(S(5)) x (P^ — {pi,... ,Pr}), it is enough to check that every hori¬ 
zontal T-invariant prime subvariety is complete intersection of T-invariant divisors 
in a neighborhood of the fibers Tr~^ (pi). Recall that all the horizontal T-invariant 
prime subvarieties are of the form V(a) for some cone a £ E(iS). Localizing to a 
toric neighborhood of a closed point p £ P^, we have the following equality 

R(cr) n7r"^(p) = IJ Op, 

{Fe5p|crXcr(F)} 


TOPOLOGY OF T-VARIETIES 


13 


where the C inclusion is clear, while the 3 inclusion is due to the fact that if F is 
in Sp and <j{F) does not contain cr, then X{Vp) is an open subset of X{S) which 
contains Op and is disjoint from V(a). By applying the above formula to the one 
dimensional cones of a we get the equality 

V{a)= fl Dp. 

PGct(1) 


□ 


Proof of Theorem 2. We have a canonical homomorphism 

^ A*iXiS)), D ^ [D] 

which maps every Dp (resp. to the class of the corresponding divisor. In 

X(S) every T-invariant cycle is intersection of T-invariant divisors by Lemma 3.14, 
so that the above homomorphism is surjective. Recall by [3, Theorem 26] that given 
a rational function / of and a character of the torus acting on X(5), the 
element div(/x“) € Q[4?p, ^(p,«)] is in the kernel of the homomorphism. Consider 
a monomial m of the form 

Z?pi ... & Q[Dp, 

If there exist 1 < i < j < k such that pi ^ pj then the image of m in A*{X{S)) 
is zero because we are intersecting two divisors which are in diferent fibres of the 
quotient morphism X{S) P^. If all the pi’s are equal, we can localize to the toric 
neighborhood X(Si) of TT~^{pi) and see that there exists no face F in 5^. such that 
a{F) = {pi,..., pk') and V{F) = {ui,... ,Vk} if and only if there exists no cone 
in Si generated by {(pi, 0),..., {pk>, 0), {vi, 1),..., {vk, !)}• The last condition is 
equivalent to ask for the divisors in m to have empty intersection. If this is the 
case then m is in the kernel of the homomorphism. If there is no D(p. in the 
monomial, and there is no cone a G 2(5) such that pi,..., pk' generates cr, then 
the horizontal divisors in m have empty intersection by [14, Section 5.2]. Thus we 
have a well-defined surjective homomorphism 

cf-. Q[Dp,D^p^,^]/I ^ A*{X{S)). 

In order to conclude we will show that there is a subset of Q[Dp, i4(pp,)]// which 
generates it as a Q-vector space and whose image is a basis of the Chow ring as 
Q-vector space. 

Observe that the subring of A*(X(5 ))q generated by {Dp \ p G E(5)(l)} is 
isomorphic to A*(X(E(5 )))q, and by Proposition [14, Chapter 5] it is generated 
as Q-vectorial space by the monomials p(Gj), with j G {1,..., fc}. From now, we 
use the notation of the proof of Theorem 3. The restriction of (f to li induces a 
surjective homomorphism 

• li A* {X (Si)) 

of Q-vector spaces which maps {p{Gj)+I \ j G {1,..., /ci}} into a basis of the 
codomain. Then is an isomorphism by Lemma 3.13. Consider a rational func¬ 
tion / G C(P^) with ordpp(/) = 1 and ordp^(/) = —1. Expanding the product 
p(Gj) div(/x°) G I we deduce the following 

p(G 0)+J= ^ p(z;)p(G,)i^(p„„)+/. 

vev{Si) 
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For each i, we define the Q-linear map 

Iq —>■ li p{F) + I ^ ^ p{'^)p{F)D{pi,v) + I- 

v&V{Si) 

which makes the following diagram commutative 

-- Q[Dp, ^(p,.)]// 

- - 

A4X{So))^ - - -^ ^ A4X{S)). 

In particular, for each i we can choose a set of elements Bi of li which are linear 
combination of the monomials p{Gj) + 1, such that the image of Bi via </> is a basis 
of coker(ji). Observe that {p(G'°) + I \ j € {l,...,fco}} U Bi generates li as a 
Q-vector space for each i. Being X(5) a Q-factorial toroidal variety we have that 

A^-'^{X{S)) Ak{X{S)) 
and using Theorem 3 we have that 

r 

Ak(X(S))) c. Afe_ 2 (X(S( 5 ))) © Afe(X(5o)) © 0coker(j,)(fc), 

i=l 

where coker(ji)(fc) denotes the fc-graded piece of coker(ji). We conclude that the 
set 

r 

{p{G,) + I\j e{i,...k}}u {p(G0) + / IJ e {1,..., fco}} u y B,, 

i=l 

is a subset of Q[-Dp,-D(p_„)]// which generates it as a Q-vector space and whose 
image is a Q-basis of the Chow ring. □ 

Remark 3.15. Observe that the conclusion of Theorem 2 is no longer true if we 
substitute ^(5) with X{S). As an example consider the quadric Q = V{xiX 2 + 
X 3 X 4 Ax^xq) of P^. It admits an effective action of (C*)^ and thus is a T-variety of 
complexity-one, so that Q = A(iS) for some divisorial fan S on P^. On the other 
hand Q is isomorphic to the Pliicker embedding of the Grassmannian G(2,4). We 
can compute the dimension of the cohomology groups of Q using Corollary 2.7: 

h\Q) = l, h2(Q) = I, h\Q) = 2, h%Q) = l, h^{Q) = l. 

Then, the Chow ring of Q is generated in degree one and two. 

4. Fundamental Group 

This section is devoted to prove Theorem 4 in the introduction. Let us remark 
that the log-terminal assumption on the theorem is essential. Indeed, let V be any 
p-divisor on a projective curve Y of positive genus, such that T) has complete locus, 
then by [18, Corollary 5.4] the T-variety X := X{V) is not log-terminal. Moreover, 
since Y = loc(I7) is projective, X has an attractive fixed point and thus 7 ri(A) is 
trivial, while 7ri(loc(i4)) is non-trivial. 

Definition 4.1. An intersection set of is a non-empty intersection of divisors 
of supp(71). The intersection set is called maximal intersection set if it does not 
properly contain an intersection set. Given y €Y, we denote by “Dy the polyhedron 
J2yGD C Aq. 
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Given a p-divisor V on a normal projective variety Y, we denote by (-/Vx))q the 
subspace of Nq generated by the subset 

{ui - V 2 \ vi,V 2 GVy for y €Y}. 

We denote by N-p := N Ci {Nti)q the sublattice of N of the integer points of {Nx))q 
and by N{'D) the quotient N/Nx>. Given a divisorial fan 5 on a variety Y, we 
denote by Ns the sublattice of N generated by {Nd | 2? G 5} and by N{S) the 
following quotient 

N{S) := N/Ns. 

Definition 4.2. Given a p-divisor V = ^ No ® D on (F, Nq) we call the 
polyhedra No the polyhedral coefficients of T). 

Given an open subset V NY, we define the restriction of the polyhedral divisor 
V to V as the polyhedral divisor on {V, Nq) given by: 


J2onv^0 ® D\v 
afp) 0 D 


\iV % triv(2?), 

for some D G GaDiv(y), if F C triv(X>). 


Given a divisorial fan 5 on F and a open subset F C F, we define the restriction 
to be the set of p-divisors {X’|v | T) G 5}. 

We say that a divisorial fan S is contraction-free if all the p-divisors T) G S have 
affine locus. Recall that for any divisorial fan S we have a rational quotient map 
tt: X(<S) — * loc(iS) and if S is contraction-free such map is a morphism. Given a 
contraction-free divisorial fan S on (F, Nq) we denote by triv(<S) the trivial locus of 
S, meaning that the bundle 7r“^(triv(<S)) —)• triv(iS) is trivial with fiber X(I](<S)). 
Given an open subset F of F we will adopt the following notation 

U-.= TT-\V) Ftriv := R n triv(5) Gtriv := ^"^(Rtriv) W(E(5)) x Ftriv 


In order to prove Theorem 4, we will prove Proposition 4.3 via relaxing the hypoth¬ 
esis successively in Lemmas 4.4, 4.5, 4.6 and 4.7. In what follows we will assume F 
to be a smooth variety and all the p-divisors to have tail cone crp) = a. 

Proposition 4.3. Let S be a contraction-free divisorial fan on (Y,Nq) such that 
X{S) is smooth. Let V C Loc(I?) an open subset, then the following hold. 

• There is an isomorphism tti(U) ~ iV(<S|i/) x 7ri(F). 

• The above isomorphism, and the isomorphism induced by the the trivializa- 
tion t: Utriv — ^(51(5)) x Friv fits in the following commutative diagram 
with exact rows 


0 -^ K -^ TTI (C/triv) -^ TTi (U) -^ 0 

- t* ~ ~ 

’' '' '' 

0 - ^K' - ^N{Y{S)) X7Ti{VtrP^^N{S\v)x7Ti{V) - ^0 

where a is induced by the inclusion of lattices C A^|s( 5 ) and fi is 

induced by the inclusion of open sets Friv C F. 
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Given a p-divisor T> on Y we have the following diagram 


Tat-^ Tat x Vtriv 


Vtriv 


X{a{V)) -^ X-^ Y 


where the vertical arrows are open embeddings and X{a{'D)) —>■ X is the inclusion 
of the fibre 7 r“^(?/) = X{a{T>)) over y. Passing to the fundamental group and 
using [ 6 , Theorem 12.1.10] we have the following commutative diagram 


(4.1) 1 -^ N -^ N X 7ri(Ptriv) - ^ 7ri(Ptriv) -^ 1 


N{a{V)) -^ 7ri(X)-^ ^i(y)-^ 1 

If X and Y are smooth, by [19, Lemma 1.5.C] the rows are exact and by [ 6 , Theorem 
12.1.5] the vertical arrows are surjective. 

Lemma 4.4. Let Y he an affine variety and let D be a p-divisor on (T, Nq) such 
that X = X{'D) is smooth. Assume that there is only one maximal intersection set, 
and that N(T>y,,) is trivial for some yo €Y contained in such maximal intersection 
set. Then the statement of Proposition 4-3 holds for V = Y. 

Proof. Since Y is affine we have X = X. To prove the first claim of Proposition 4.3 
we need to prove that 7ri(^) — 7 ri(P), which is equivalent to prove that the homo¬ 
morphism N{a{V)) —^ TTi^X) in the commutative diagram (4.1) is trivial. Observe 
that this last claim is implied by the fact that the homomorphism N 'Ki{X) is 
trivial. Since the latter factor through N x 7ri(Vlriv) is enough to prove that any 
loop contained in a fiber of tt is homotopically equivalent to the constant loop. 

By [1, Proposition 7.6] the fibre 7r“^(j/o) of the good quotient n: X ^ Y con¬ 
tains a fixed point p, with respect to the torus action, which correspond to the 
unique maximal polyhedron of the slice. Let Tr~^{y) be an irreducible fiber of 
TT. By [ 6 , Theorem 12.1.15] the inclusion Tat —>• Tr~^{y) induces a surjection 
7 ''i(Ta/) 7 ri( 7 r“^(?/)), so that any loop in the fiber is homotopically equivalent 

to a loop v in Tat whose base point we can assume, without loss of generality, to be 
the neutral element 1 € Tat- Let 7 be a path from 1 to the fixed point p G 7r“^(yo)- 
The homotopy 

H: ^ X (t,s) ^ v{t) ■ 7 ( 5 ) 

shows that v is homotopically equivalent to the constant loop at p. Thus the 
homomorphism N —>■ 7 ri(X) is trivial and the first statement of Proposition 4.3 
holds. The second statement, follows from the triviality of the homomorphism 
NffiifD)) -G 7 ri(F) as well. □ 

Lemma 4.5. Let Y he an affine variety and let P be a p-divisor on (Y,Xq) such 
that X = X{V) is smooth. Assume that there is only one maximal intersection set, 
that any prime divisor o/supp(I?) is principal and that P has at least one polyhedral 
coefficient of positive dimension. Then the statement of Proposition 4-3 holds for 
V = Y. 
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Proof. Write V — J2d ® D. For each D let vd & N such that Ad — u_d C 
(-/Vx))q and let V := ~ ® D. By hypothesis the divisor V — V 

is principal [3, Section 3] and thus the sheaves of algebras A{'D) and AifD') are 
isomorphic. Being V contained in a subspace {Nd)<q of Nq we conclude that there 
are isomorphisms 

X{V) := Specioc(i5) A{V) ~ - Tiv(i3) x Specio^(^) A{V'q) 

where Vq is the polyhedral divisor V with coefficients restricted to the subspace 
{Nd)q. Then T>g is a p-divisor on Y satisfying the hypothesis of Lemma 4.4. 
Therefore, we have that 7ri(17triv) — N{'D) x 7ri(Fi;riv) and ~ N{V) x 7ri(y), 

and the homomorphism induced by the inclusion C/triv C X is the identity on the 
first component and the homomorphism induced by the inclusion l^riv C F on the 
second component. □ 


Lemma 4.6. Let Y he an affine variety and let P be a p-divisor on {Y,N<q) such 
that X = X{V) is smooth. Assume that there is only one maximal intersection set, 
that any prime divisor of supp(I?) is principal. Then the conclusion of Proposi¬ 
tion 4-3 holds for V = Y. 

Proof. By Lemma 4.5 we reduce to the case when all the polyhedral coefficients 
of P are points. Observe that in this case the morphism X —>■ F is a topological 
(C*)"-hbration. Let m G Z>o such that all the polyhedral coefficients of mP are 
integral points, then we have that X(rnP) ~ (C*)" x F, by [3, Section 3]. Observe 
that the morphism X {P) —>■ X (mP) , induced by the inclusion of the corresponding 
Veronese subalgebra, is the quotient by the group (Z^)". Both p-divisors have the 
same trivial open subset and we have the following commutative diagram 


(C*)" X Vtriv 
idxi 

(C*)” X F- 


{z^ ..,Z^ 1(21,... jZn 


(C*)" X Ftriv 


■XiP) 


where the vertical arrows are open embeddings. Passing to the fundamental group 
we have the following commutative diagram 


(Z)- X Ti(Vtriv) 


(Z)- x^i(F) 


{mzi,. ..,mZn,u)i—i{zi,...,Zn ,'u) 


(Z)" X 7ri(Vtriv) 


■MX{P)) 


The vertical arrows are surjective morphisms by [6, Theorem 12.1.5]. By the com¬ 
mutativity of the diagram we conclude that 7ri(X(I))) ~ (Z)" x (7ri(Vtriv)/X), 
where X is a normal subgroup of 7ri(Vtriv). On the other hand, we have the long 
exact sequence of the fibration X (P) Y 


M{c*r) - ^Mx{P)) 



IP 


X (^l(Ftriv)/X) 


7 ri(F)-^ 0 . 
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Choosing (C*)" to be a fibre of a point in the trivial open subset of Y we can 
see that the homomorphism Z” ^ Z" x /K) is the inclusion on the first 

component. Thus tti{X(T>)) ~ Z" x 7ri(F) and the result follows. □ 

Lemma 4.7. Let T> be a p-divisor on (Y, Nq) such that X = X[T>) is smooth. 
Then the conclusion of Proposition f.S holds. 

Proof. We split the proof in four steps. 

(1) Observe that if Proposition 4.3 holds for the open sets C C Y then 
we have a commutative diagram 

idxit 


N{a{V)) X ^ Nia(V)) x 

w , . 

N{V\vi) X ^ N{V\v^) X ^i(p2) 


where ii 2 : is the inclusion. We conclude that the bottom hori¬ 

zontal map is of the form si 2 x where Si 2 is the surjection induced by 


N- 


X>|v2 


N- 


®|Vi- 


(2) If Proposition 4.3 holds for the open sets C Y and P^ fl P^ then 

by Seifert Van-Kampen Theorem [16, Theorem 1.20] we have two push-out 
diagrams 


NiV\ 


yinv^j 




V^j 


N{V\v2) 


■ N{T>\viuv^) 


7ri(pi np2) 


7ri(P^) 


■7ri(pi) 


■7ri(pi UP2) 


Taking the free product of the two diagrams and using Step (1) we get the 
following push-out diagram 


TTiiu^nu^) 




■N{V\viuv^) x 7ri(pi UP2) 


Tri(U^) - 

where the maps ii and i 2 are induced by the inclusion of the corresponding 
open subsets. Then 7ri(t/iUl72) is isomorphic to N{I)\v^uV 2 ) ^ 7ii(P^UP^). 
Observe that we have a commutative diagram 


MUtnv n Ptriv) 


■ ^1 (C^triv) 



where pi is the composition —>■ 7ri(t7*) —>• 7ri(t7^ U t/^) induced by 

the two inclusion maps. Moreover, the square diagram is a push-out. Then 
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by universal property of the push-out diagram the unique homomorphism 
p is induced by the inclusion U C Li U^. Finally, we have a 
commutative diagram 

7ri(C/,h, U Ul-J -^U U^) 

N{a{V)) X 7 ri(Kbv U K?iv) — N{V\y^av^) x 711(^1 U 1/^) 

where p' is induced by the inclusions N„(x,) C -/Vx)|^j and U 1/^7^ C 
U Thus, Proposition 4.3 holds for Li V^. 

(3) Suppose that Proposition 4.3 holds for the open subsets Pi,..., 14 of P 

and for every intersection of this sets. We conclude by Step (2) that Propo¬ 
sition 4.3 also holds for Indeed, suppose by induction that it holds 

for Li^~lVi and Vk n (U^Tj^p) = Li^^l{Vk fl p), then by Step (2) it also 
holds for Uf,^jp. 

(4) Let P C y be any open subset. Consider a finite affine open cover p of P 
such that every divisor of supp( 2 ?) is principal at any p, and Tily. has only 
one maximal intersection set. Let V be any hnite intersection of the p’s, 
then V is an open affine set, so 'D\yf is a p-divisor on V' with only one 
maximal intersection set. By Lemma 4.6 we conclude that Proposition 4.3 
holds for V. Thus, we are in situation of Step (3) and Proposition 4.3 also 
holds for P. 

□ 

Proof of Proposition 4- 3. We proceed by induction on the number n of p-divisors 
of 5. If n = 1 then X{S) = X{'D) and results follows from Lemma 4.7. Suppose 
that S is the set of p-divisors ,..., X>” } and the result is true for n — 1 . Assume 
that is maximal with respect to the inclusion. We use the induction hypothesis 
on the divisorial fans 

5i:={T'"}, ^2 := 5':= C H",..., C P”}. 

In what follows we will use the following notation 

Kriv = P n triv(5'), Priv = P n triv(5i). 

By a similar argument as in the proof of Lemma 4.7 we have a commutative diagram 

N{a{S’)) X Ti(pLJ-- N{a{S,)) x 

N{S') X 7ri(loc(5')) N{Si) x 7ri(loc(5i)), 

for each i G {1,2}. Thus the homomorphisms induced by the inclusion A(5') ^ 
A(5i) is ai X pi where on each factor the corresponding homomorphism is induced 
by the inclusions loc(5) —>■ loc(5i) and A 5 . ^ Ns, for each i. We have the following 
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push-out diagram 

N{S') X 7 ri(loc(<S')) — > N{Si) x 7 ri(loc(5i)) 
a2X02 

N{S 2 ) X 7 ri(loc(52))- ^N{S) x 7ri(loc(5i) U loc(52)), 


then the isomorphism 7ri(X(5)) ^ N{S) x 7ri(loc(5)) follows by the Seifert Van- 
Kampen Theorem. Now, we look at the homomorphism 7ri([/triv) ^ '^i(^(‘5))- We 
have a commutative diagram 


N{aiS')) X - - N{a{S,)) x 

N{a{S2)) X TTi 



where all the arrows are induced by inclusions and pi is the composition 
7V(a(5.)) X ^ NiS.) x ^ N^S) x 7ri(loc(5)) 

for each i. Then by the universal property of the push-out diagram we have a 
commutative diagram 

7ri(t/triv)- - -^ 7ri(X(5)) 

N{a{S)) X 7ri(Vtriv) ^ > N{S) x 7ri(loc(5)) 


where p' is induced by the inclusions iVcr(S) Q and Vtriv ^ loc(5). The statement 
follows. □ 


Proof of Theorem 4- Reasoning as in the proof of Proposition 4.3, by gluing affine 
T-varieties, it is enough to prove the affine case. 

Let D be a p-divisor on {Y,Nq) such that X{fD) have log-terminal singularities. 
Let rs'- X{S) —>• X(fD) be a toroidal resolution of singularities of X{fD) such that 
S is contraction-free and T) has the same locus and support than S. Thus, we have 
a commutative diagram 


X{<j{V)) X fotriv 



X{V) ^- X[V) ^-X(5) 

where ij) and is are inclusions, r and rs are birational contractions and s-p is 
defined as the composition r o ip. Passing to the fundamental groups, (r o rs)* 
is an isomorphisms by [21, Theoreml.l]. Being X{S) smooth and N{T>) = N{S) 
we have the isomorphisms iti{X{D)) ~ 7ri(X(5)) ~ N{S) x 7ri(loc(<S)) = N{'D) x 
7 ri(loc(I?)). Being ip and is inclusions of open subsets we have that (ip)* and 
(is)* are surjective. We deduce that the kernel of the three homomorphims (sp)*. 
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(i-d)* and (is)* are equal. Thus {st>)* ■ N{a{V)) x 7ri(l/triv) —>■ NiV) x 7ri(loc(X>)) 
is a X /3, where a is the surjection induced by the inclusion C Nx> and j3 is 

the surjection induced by the inclusion htriv C loc(I^). □ 

Proof of Corolary 1. Since {X, A) has a unique fixed point, then it is equivariantly 
isomorphic to X [T>) for some p-divisor T) with complete locus and full-dimensional 
tail cone on a smooth projective variety Y. Using [18, Theorem 4.9] we conclude 
that Y is weakly log Fano, and then by [20] we conclude that Y is simply connected 
and N{V) is trivial, concluding the proof of the first claim. The second claim follows 
from Theorem 4 and the characterization of log Fano varieties via singularities in 
the Cox ring in [10, Theorem 1.1]. □ 
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